In the present paper, we study bi-f -harmonic maps which generalize not only fharmonic maps, but also biharmonic maps. We derive bi-f -harmonic equations for curves in the Euclidean space, unit sphere, hyperbolic space, and in hypersurfaces of Riemannian manifolds.
Introduction
Harmonic maps between Riemannian manifolds, which can be viewed as a generalization of geodesics when the domain is 1-dimensional, or of harmonic functions when the ranges are Euclidean spaces, have an extensive study area and there exist many applications of such mappings in mathematics and physics. challenge to prove the existence of harmonic maps. A harmonic map may not always exist in a homotopy class, and if it exists, then it may not be unique.
As a generalization of harmonic maps, biharmonic maps between Riemannian manifolds were introduced by J. Eells and J. H. Sampson in [6] . B. Y. Chen [3] defined biharmonic submanifolds of the Euclidean space and stated a well-known conjecture: Any biharmonic submanifold of the Euclidean space is harmonic, thus minimal. If one uses the definition of biharmonic maps for Riemannian immersions into Euclidean space, it is easy to see that Chen's definition of biharmonic submanifold coincides with the definition given by using bienergy functional. In recent years, there has been achieved an important literature on biharmonic submanifold theory including many results on the non-existence of biharmonic submanifolds in manifolds with non-positive sectional curvature. These non-existence consequences (see [8] , [11] ) as well as Generalized Chen's conjecture: Any biharmonic submanifold in a Riemannian manifold with non-positive sectional curvature is minimal, which was proposed by R. Caddeo, S. Montaldo and C. Oniciuc [2] , led the studies to spheres and other non-negatively curved spaces. But in recent years, the authors of [15] proved that the Generalized Chen's conjecture is not true by constructing examples of proper biharmonic hypersurfaces in a 5-dimensional space of non-constant negative sectional curvature. For some recent geometric studies of general biharmonic maps and biharmonic submanifolds see ([14] , [2] , [12] , [15] , [16] , [9] , [18] , [19] ) and the references therein.
f -harmonic maps between Riemannian manifolds were first introduced and studied by A. Lichnerowicz in 1970 (see also [5] ). They have also some physical meanings by considering them as solutions of continuous spin systems and inhomogenous Heisenberg spin systems [1] . Moreover, there is a strong relationship between f -harmonic maps and gradient Ricci solitons [20] .
There are two ways to formalize such a link between biharmonic maps and f -harmonic maps. The first formalization is that by mimicking the theory for biharmonic maps, the authors of [21] extended bienergy functional to bi-f -energy functional and obtained a new type of harmonic maps called bi-f -harmonic maps. This idea was already considered by Ouakkas, Nasri and Djaa [17] . They used the terminology "f -biharmonic maps" for the critical points of bi-f -energy functional. As parallel to "biharmonic maps", in [21] , they think that it is more reasonable to call them "bi-f -harmonic maps". The second formalization is that by following the definition of f -harmonic map, to extend the fenergy functional to the f -bienergy functional and obtain another type of harmonic maps called f -biharmonic maps as critical points of f -bienergy functional.
The concept of f -biharmonic maps has been introduced by W.-J. Lu [10] as a generalization of biharmonic maps. A differentiable map between Riemannian manifolds is said to be f -biharmonic if it is a critical point of the f -bienergy functional defined by integral of f times the square-norm of the tension field, where f is a smooth positive function on the domain. If f = 1, then f -biharmonic maps are biharmonic. To avoid the confusion with the types of maps called by the same name in [17] and defined as critical points of the square-norm of the f -tension field, some authors (see [10] , [13] ) called the map defined in [17] as bi-f -harmonic map, which we shall study in this paper.
Preliminaries

Harmonic maps
Harmonic maps ϕ : (M, g) → (N, h) between two Riemannian manifolds are critical points of the energy functional:
where Ω ⊂ M is a compact domain. The corresponding Euler-Lagrange equation is [6] :
where ∇ is the connection induced from the Levi-Civita connection ∇ M of M and the pull-back connection ∇ ϕ . τ (ϕ) is called the tension field of the map ϕ.
Biharmonic maps
Biharmonic maps ϕ : (M, g) → (N, h) between two Riemannian manifolds are critical points of the bienergy functional:
where Ω ⊂ M is a compact domain. The corresponding Euler-Lagrange equation is [7] :
where τ (ϕ) is the tension field of ϕ and
is the curvature operator on N. τ 2 (ϕ) is called the bitension field of the map ϕ.
From the expression of the bitension field τ 2 , it is clear that a harmonic map is automatically a biharmonic map. So non-harmonic biharmonic maps, which are called proper biharmonic maps, are more interesting to be studied.
f -harmonic maps
f -harmonic maps ϕ : (M, g) → (N, h) between two Riemannian manifolds are critical points of the f -energy functional:
where Ω ⊂ M is a compact domain. The corresponding Euler-Lagrange equation is [4] :
where τ (ϕ) is the tension field of ϕ. τ f (ϕ) is called the f -tension field of the map ϕ.
If f is a constant function, then it is obvious that f -harmonic maps are harmonic. So f -harmonic maps, where f is a non-constant function, which are called proper f -harmonic maps, are more interesting to be studied.
There are two ways to formalize a link between biharmonic maps and f -harmonic maps. Both of them motivate the following definitions.
f -biharmonic maps
f -biharmonic maps ϕ : (M, g) → (N, h) between two Riemannian manifolds are critical points of the f -bienergy functional:
where Ω ⊂ M is a compact domain. The corresponding Euler-Lagrange equation is [10] :
where τ (ϕ) and τ 2 (ϕ) are the tension and bitension fields of ϕ, respectively. τ 2,f (ϕ) is called the f -bitension field of the map ϕ.
Bi-f -harmonic maps
Bi-f -harmonic maps ϕ : (M, g) → (N, h) between two Riemannian manifolds are critical points of the bi-f -energy functional:
where Ω ⊂ M is a compact domain. The corresponding Euler-Lagrange equation is [17] :
where τ f (ϕ) is the f -tension field of ϕ. τ f,2 (ϕ) is called the bi-f -tension field of the map ϕ.
The following inclusions illustrate the relations among these different types of harmonic maps:
harmonic maps ⊂ biharmonic maps ⊂ f -biharmonic maps, harmonic maps ⊂ f -harmonic maps ⊂ bi-f -harmonic maps.
3 Bi-f -harmonic curves
In this section we derive the bi-f -harmonic equation for curves in Riemannian manifolds and discuss the particular case of the Euclidean space, unit sphere and hyperbolic space.
The following proposition for Euler-Lagrange equation of bi-f -harmonic maps originates from [17] . 
where f : I → (0, ∞) is a smooth map defined on a real interval I and τ f (ϕ) is the f -tension field given by (6) .
Clearly, it is observed from (11) that bi-f -harmonic map is a much wider generalization of harmonic map, because it is not only a generalization of f -harmonic map (as f = 1 and τ f (ϕ) = 0), but also a generalization of biharmonic map (as f = 1). Therefore, it would be interesting to know whether there is any non-trivial or proper bi-f -harmonic map which is neither harmonic map nor f -harmonic map with f = constant. Let γ : I → (N, h) be a curve in a Riemannian manifold (N, h), defined on an open real interval I and parametrized by its arclength, and γ ′ =: T. We have
and in order to obtain the bi-f -tension field of γ, we compute:
From (12) and (13) we obtain
curve in a Riemannian manifold (N, h), parametrized by its arclength, and γ ′ = T. Then γ is a bi-f -harmonic curve if and only if
where
Let {E 1 , E 2 , ..., E n } be the Frenet frame on the n-dimensional manifold N, defined along γ, where E 1 = γ ′ = T is the unit tangent vector field of γ, E 2 is the unit normal vector field of γ, with the same direction as ∇ N T E 1 and the vector fields E 3 , ..., E n are the unit vector fields obtained from the Frenet equations for γ :
where k 1 = ∇ N T E 1 and k 2 , ..., k n−1 are real valued non-negative maps. From (15) we have
Using (15), (16), (17) and (18) in (14), we have
curve in a Riemannian manifold (N, h), parametrized by its arclength. Then γ is a bi-f -harmonic curve if and only if
Remark 3.5. The property of a curve of being bi-f -harmonic in an n-dimensional space (with n > 3) does not depend on all its curvatures, but only on k 1 , k 2 and k 3 .
It is well known that in a Riemannian manifold (N, h) of constant sectional curvature c, the curvature tensor field R N is of the form
Then we have 
CASE I: If k 1 = 0, namely γ is a geodesic curve, then from (21) we obtain that it is bi-f -harmonic if and only if f f ′′ = constant.
It is well known that geodesics are f -harmonic with f = constant and they are automatically bi-f -harmonic. Remark that also for f (t) = at + b, a, b ∈ R, any geodesic curve is bi-f -harmonic. 
From the second equation above we obtain
which implies
via the first equation of (22) and we get 
and we deduce 
and we have 
CASE V: Concerning the case k 1 = constant and k 2 = 0, we can state 
CASE VI: If k 1 = constant and k 2 = constant = 0, then (21) reduces to
CASE VII: Concerning the case k 1 = constant and k 2 = constant, we can state 
Similar results hold for bi-f -harmonic curves in the n-dimensional sphere S n (1) and in the n-dimensional hyperbolic space H n (−1). 
Concerning the CASES IV-VII, we obtain similar conditions like in the Euclidean space and in the CASES I-III, we get the following characterizations of bi-f -harmonic curves in S n (1) and H n (−1), respectively. 
is a bi-f -harmonic curve if and only if either f is a constant function or f is given by one of the following expressions
for s ∈ I and c 1 , c 2 ∈ R;
(c) if k 1 = constant = 0 and k 2 = constant = 0, then there is no bi-f -harmonic curve.
Bi-f -harmonic hypersurfaces
In this section we derive the bi-f -harmonic equation for hypersurfaces in Riemannian manifolds. Let M be an m-dimensional hypersurface of (N, h) with mean curvature vector η = Hξ, where ξ is the unit normal vector field of M. Denoting also by h the Riemannian metric induced on M, by ∇ M and ∇ N the Levi-Civita connections on (M, h) and (N, h) respectively, the Gauss and Weingarten formulas corresponding to M are given by:
for any X, Y ∈ Γ(T M), where B is the (symmetric) second fundamental tensor corresponding to ξ, A is the shape operator with respect to the unit normal vector field ξ, and let b(X, Y ) = B(X, Y ), ξ , for any X, Y ∈ Γ(T M).
The bi-f -tension field of the immersion ϕ : M → N is given by [17] :
For an orthonormal frame field {e 1 , e 2 , ..., e m } ⊂ Γ(T M), we have
As a first step, we compute
Since the tension field of ϕ is given by τ (ϕ) = mHξ, we have
By using (40), (41) and (42) in (39) we obtain
As a second step, we compute:
which gives
By using (43), (45) and (47) in (37) we obtain the bi-f -tension field of ϕ:
The tangential component of ∆ ϕ (grad f ) can be calculated by
The normal component of ∆ ϕ (grad f ) can be calculated by
Putting the last equation into (52) we get
The normal component of ∆ ϕ (ξ) can be calculated by
On the other hand 
which implies together with (55)
The tangential and the normal components of the curvature terms are
By collecting all the tangential and normal components of the bi-f -tension field separately, we have
and
